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Abstract 


A  relativistic  spinor  formulation  of  Maxwell's  equations  has 
been  set  up  and  its  transformation  properties  given  explicitly, 
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1.   Introduction  and  Summary. 

Previous  authors,  e.g.        ,  who  have  given  Maxwell's 
equations  in  terms  of  a  spinor  notation  have  not  concerned 
themselves  with  the  relativistic  invariance  of  these  equations. 
In  the  present  paper  we  extend  the  work  of  the  previous  authors, 
in  particular  the  work  of  Moliere,  in  such  a  way  that  the  equa- 
tions are  relatlvistically  invariant  in  spinor  notation.   It 
will  turn  out  that  one  obtains  the  same  transformation  rules 
for  field  strengths  as  one  obtains  from  the  more  conventional 
form  of  relativistic  electrodynamics.   However,  the  transforma- 
tions will  be  somewhat  simpler  in  form  and  will  constitute  an 
orthogonal  representation  of  the  proper  Lorentz  group.   The 
transformations  are  summarized  in  section  !+.   The  remainder  of 
the  paper  deals  with  the  proof  of  the  group  properties. 

When  there  are  no  external  sources,  it  will  be  seen  that 
Maxwell's  equations  reduce  to  a  special  case  of  Dirac's  equa- 
tions for  a  particle  of  zero  mass.   The  transformations  of  the 
spinor  representing  the  Maxwell  field  differ,  however,  from 
that  of  the  Dirac  field.   The  transformation  of  the  Maxwell  field 
is  such  that  the  field  has  a  spin  1,  as  is  to  be  expected, 
whereas  the  Dirac  field  has  spin  l/2 . 


LU  G.  Moligre.  Annalen'Per  Physik,  6.  Folge,  Band  6,  P.lLj-b 
(19[<.9). 

[2]  A.D.  Bressler  and  N.  Marcuvitz,  Operator  Methods  in  Electro- 

Magnetic  Field  Theory,  Research  Report  R-i|95-56,  PIB-1+25. 

Microwave  Research  Institute  of  Polytechnic  Institute  of 
Brooklyn,  (1956). 
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2.   The  Moliere  Formalism. 


Maxwell's  equations  are 


(2.1) 


div  E  =  l+itp   ,    div  H  =  0   , 


(2.2)        r^  -   curl  H  =  -liTij   ,   —  +  curl  E  =  0 

where  p  and  j  are  charge  and  current  densities. 

Moliere  introduces  the  three  component  column  vectors 
which  in  our  notation  are 


(2.3) 


where 


4,  = 


f  = 


VI3. 


(2.3a) 
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Then  Maxwell's  equations  (2.2)  are  given  by 


(2.1;) 
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where   ^   ,    ^   ,    ^-^   are   matrices    acting  on  the   vector  and   are 

given  by 


I        0        0  \ 

(2.5)  ^-^  =    [  0       0     -i    I 

\  0         i         0  / 


^'- 


0         0 


V.' 


^\ 


0        0        0    j 
0       0  / 


^ 


1: 


0      -i 


0  \ 


0        0 
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I  ' 


Now,  it  is  to  be  noted  that  only  Maxwell's  equations  (2.2) 
have  been  given  in  the  "spinor"  form  (2,5).   In  conventional 
relativistic  treatments  it  is  shown  that  in  order  to  have  rela- 
tivistic  invariance,  equations  (2.1)  must  be  included.   ?Ience, 
we  modify  Moliere's  treatment  in  the  following  section. 

3 .   The  Spinor  Form  for  all  of  Maxwell's  Equations . 
We  introduce  four-component  column  vectors 


/  So 


/  II  \ 

(3.1)       M'  =  '   .„    I    ,      I  =  i  ^ 

\  -2  ' 

^  1,  / 


\^3 


where,  as  before. 


n  =  ^^x  -  ^^x        5l  =  Jx 

^2  =  Hy  -  i^         I2  =  Jy 

^3  =  H^  -  iE^         I3  =  j^ 

In  addition,  however,  we  have 

(3.2a)  ^0  ^  °  %  ^  P 

Then  both  sets   of  Maxwell's   equations  can  be  written 


(3.3) 


1    >t        i  o'X        i  (?y        i  c'Z 


\|;  =    -i^-Ti^ 


123 
where  a  ,  a  ,  a"^  are  matrices  which  act  on  ^   and  are  given  by 

/'o     -1       0       o^\  /o       0     -1       o"\ 

^  /-1000\  2  /oCOi' 

^^•'+)       ^    =    i    0      0      0     -i    ,1  '     ^    =       -1       0      0      0    ;     ' 

\  0        0        i        0  /  \0      -i         0        0/ 


ft 


l!» 


.n 


J 


't 
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a3  =  , 


/'O    0    0   -1\ 
/  0    0   -i    0    \ 


0 


0    0 


\^1    0    0    0/ 

It  is  seen  that  the  matrices  a  are  Hermitian  and  it  is 
easily  shown  by  matrix  multiplication  that 


/^_1^2 


(3.0) 


112      3      2  1 
j  a  a  =  ia^  =  -a  a 

\  a^a^  =  ia^  =  -a^a^ 


I   , 


a^al  =  ia2  =  -a^a^ 


V 


where  I  is  the  identity  operator 


/  1 


I  = 


1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

Hence  we  mayalso  write 


(3.5a) 


^    •         •   •  • 

a  a^  +  a-^a^  =  25^  .  I   ,     (i,  j 

J 


-  1,  2,  3) 


where  5  .  is  the  usual  Kronecker  5  given  by 

J 


6^^   =  1 


i  7^  0 


In  the  Dirac  theory  of  the  electron  one  introduces  a  four 
component  vector  %  which  satisfies  the  equation 


(3.6) 


13   1  oi  3   1  ^2  a   1  .3  ^   «  Tv 
_-  I  at  -  i  ^  ^-  -  T  ^  ^  -  i  ^^  -  P^  J^  = 


0 


where  m  is  the  mass  of  the  electron  and  a  are  Hermitian  matri- 
ces required  to  satisfy  (3.5a.)  and  p  is  a  Hermitian  matrix 
which  satisfies 

(3.6a)  (p)^  =1   ,    pa^  +  a^p  =  0   . 

12    3 
It  can  be  shown  that  matrices  a  ,  a  ,  a'^,  P  which  satisfy 

(3.5a)  and  (3.6a)  are  unique  within  a  similarity  transformation. 
In  particular,  one  may  choose  the  matrices  a'^  to  be  given  by 
(3.U). 

V/hen  ^  =  0,  Maxwell's  equations  (3.3)  take  the  form  of 
Dlrac's  equation  (3.6)  corresponding  to  zero  mass,  and  hence  a 
solution  of  Dirac's  equation  subject  to  initial  conditions 
which  insure  \1/q  =  0  can  be  Interpreted  as  a  solution  of  Maxwell^ 
equations  when  there  are  no  external  sources. 

i^.   Relativistic  Notation. 

It  is  now  convenient  to  introduce  relativistic  notation. 
Let  us  define,  as  is  customary,  the  contravarian  t  components  of 
the  world  four-vector  by 

(l+.l)  x=t,   x=x,   x=:y,   x=z 

The  corresponding  covariant  components  of  the  vector  are  given 

by 

(U.la)         Xq  =  t,  ^1  -   -x>   ^2  =  -y,   X.,  =  -2 

The  length  of  the  four-vector  is  defined  to  be 
(i|.2)  x^x.  =  t^  -  x^  -  y2  -  z2   ^ 


•<   "'-     O  J     '       ■ 


' ,  ■    f      I  ■  f"i  "  -  •". 


where  here  and  elsewhere  repeated  indices  mean  summation  over 
1=0,1,2,3  unless  the  indices  are  enclosed  in  parenthesis . 

A  Lorentz  transformation  assigns  to  the  contravariant 

1  1' 

components  of  the  x  new  components  denoted  by  x   where 

(I4..3)  x^  =  a^^  xJ 

a  .  being  the  matrix  components  of  the  transformation.   The  co- 
variant  components  transform  in  accordance  with  the  rule 

ik'k)  x^  =  a^J  x^. 

where 

ik.S)  a.3  .  g,,  gJ"  a-^^ 

In  (1)..5)  g-  •  and  g  "^  are  matrices  whose  components  are  given  by 

/'i   0   0   oN^ 
,  .     I     0      -1        0    0  \ 

Sli  -  S   -     0   0-1   0     1 

\  ^ 

\  0    0    0   -1  / 


One  requires  the  leneth  of  a  world  vector  to  be  Invariant  under 
a  Lorentz  transformation.   Hence 

i '   '     i 
([|..6)  X   x^  =  x  Xj^ 

This  requirement  leads  to  "orthonormality  condition"  on  the 
Lorentz  transformation 

ik'l)  a.^  a^.  =  5^^.    . 

Generally,  a  vector  V  is  defined  so  that  it  has  a  set  of 
contravariant  components  V   and  covariant  components  V.,  these 


,■•«  ...'<• 


I  I 


i?    -. Mf 


(>.  • 


sets  of  components  being  related  by 

V^  =  g^^''  V, 

V,  =  g.  .  V^ 
i   °ij 

Under  a  Lorentz  transformation  the  contravariant  components  V 
transform  to  new  components  V    in  accordance  with  the  rule 
(14-. 3),  while  the  covarlant  components  V^  transform  to  V^  in 
accordance  with  ([1..I4.).   The  inner  product  of  two  vectors  ¥   and 
V,  denoted  by  (i^',V),  is  defined  to  be 

(1+.9)  (W,V)  =  V^W^  =  V^W^ 

The  orthonormality  condition  (I|..7)  assures  us  that  in  the  new 
representation  (W,V)  has  the  same  value  as  in  the  old,  i.e. 

(tj..lO)  (W,V)  =  vHf^  =  v^'w!^ 

It  is  particularly  to  be  noted  that  the  operator  — t- 
transforms  like  the  covariant  components  of  a  vector. 

To  write  Maxwell's  equations  {3 -3)    in  relativist ic  form, 
we  define  a  to  be 

(I4..II)  a°  =  I 

Then  (3-3)  takes  the  form 
(L^.12)  .  1  aJ  -^  y),  =  -I^Tif   . 

Under  the  Lorentz  transformation 


ik-k)  x^'  =  a^j.  x-^ 


^  . 


■/      l!  >". 


»  '-.' 
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equation  ([|..12)  takes  the  form 

(1^.13)  -  T  ''"^'  tV  '^   =  "^"^I 

where 

(11.11+)  a^'  =  a^.  aJ 

J 

that  is, 


1 


behaves  like  an  inner  product,  the  matrices  a  being  contrava- 
riant  components  of  a  vector  and  the  derivatives  — ^  being  the 

c>X 

covariant  components  of  another  vector. 

The  requirements  of  relativistic  invariance  is  that  Max- 
well's equations  retain  the  same  form  in  the  new  coordinate  sys- 
tem as  in  the  old.   Thus,  in  the  new  coordinate  system  we  re- 
quire 

(l+.l5a)  *o'  "  °   • 

where  ij/^^'  Is  the  topmost  component  of  the  column  vector  \|( '  . 
As  an  Ansatz,  let  us  take 

(i+.l6)  \!/'  =  S  \|; 

where  S  is  a  matrix 

(l^.l6a)         3  =  (S.j)    ,      (i,  j  =  0,  1,  2,  3) 

and,  since  there  is  no  a  priori  reason  to  assume  ^'  is  related 
to  ^  as  »{; '  is  to  \|/,  let  us  write 


(l|.17)  |«  =  T  f 

(k'llSi)  T  =  (T^j)    ,      (i,  j  =  0,  1,  2,  3) 

where  T  is  another  matrix.   Equation  (I4..I7)  is  equivalent  to 
giving  the  transformation  properties  of  a  — r  \j/,  namely 

X 

(i+.17b)        '^^'tT^  \i/'  =  T  a^  -^  ^^ 

We  may  regard  (14..  17b)  as  defining  T  rather  than  (J4..I7)  when 
^  =  0.   That  is,  (ij..l7ti)  defined  T  in  a  more  general  fashion 
than  (U.17) . 

Now,  the  condition  (I)..l5a)  implies  a  condition  on  S, 
namely 
(i|.l8)  Sq^  =  Sq2  =  Sq^  =  0 

Furthermore  (I4..I7)  and  (I4. .17a)  implies  T  is  a  real  matrix, 
since  the  components  of  ^'  and  ^  are  real. 

On  using  (ij..l6),  (Ij.. 17)  or  (I;. 17a),  (I+.15)  and  (ij..l3)  we 
have 
(14-.19)  T'^a^  S  =  a^'    ,      (i  =  0,  1,  2,  3) 


i  2 
or  on  using  (a  )   =  I  , 

(i^..20)    S  =  a^^^  Ta^^^'  =  a^   a^^^Ta-^   ,    (1  =  0,  1,  2,  3) 

where  the  parenthesis  aroxind  the  superscripts  mean  that  the  sum- 
mations are  not  to  be  taken  with  respect  to  these  superscripts. 
It  is  important  to  note  that  we  require  the  same  matrices 
S  and  T  to  satisfy  each  of  the  four  equations  {l\..20) .      That  it 
is  possible  to  find  S  and  T  which  obey  this  requirement  is  the 


10 


principle  result  of  this  paper  which  is  the  following: 

Under  the  conditions  of  (lj..l8)  on  S  and  the 
reality  condition  on  T  the  matrices  S  of  (l|.20) 
form  an  orthogonal  representation  of  the  proper 
Lorentz  group;  the  matrices  T  form  a  real  repre- 
sentation of  the  Lorentz  group.   In  fact 

(l|.21)  T^^.  =  a^j 

Having  (ii.Sl)  at  our  disposal  we  can  solve  for 
S  using  any  of  the  four  equations  ([|..20). 

Incidentally,  the  relation  (I4..2I)  says  that  the  vectors  ^ 
transform  like  the  contravariant  components  of  a  four-vector. 
This  result  is,  of  course,  in  agreement  with  the  more  conven- 
tional relativistic  treatment  of  Maxwell's  equations. 

It  is  seen  that  the  matrices  S  have  to  be  calculated  from 
the  operators  a  T  a"^.   The  matrix  forms  of  these  operators  are 
given  in  Appendix  I  for  convenience,  since  they  will  be  often 
referred  to. 

5 .   Some  Properties  of  the  Transformation  Operators  S  and  T . 

As  mentioned  above,  the  matrix  S  as  calculated  by  any  of 
the  four  equations  (I4..2O)  must  be  the  same.   When  i  =  0,  a  par- 
ticularly simple  equation  results,  namely 

(5.1)  S  =  a°   T  J 

J 

0    -, 
since  a  =  I. 

If  the  rotation  is  completely  space-like,  then 

(5.2)  a°  =  5^ 

J  J 


.\r 


\    \'.  *'7-i  '      77  • 


:»«.'> 
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and  hence,  from  (I4..21)  and  (5.1) 

'10    0    0 


/ 

/    0 

(5-3)        s  =  T  =  j 

1         \J  ^1  ^""P  ^^T 


&  -1     ^  o        o 

2     2     2 
0   a  .    a^o   a"^ 


V^   a^l   ^^2   ^^3  -. 

Thus  v|»-,  ,  vl»p,  \|(^  transform  as  components  of  vectors  in  ordinary 
three-dimensional  space,  and  consequently,  the  electric  field  E 
and  magnetic  field  H  also  transform  as  three-dimensional  vectors 
under  a  transformation  of  space  coordinates. 

More  generally,  we  can  write  S  explicitly  in  terras  of  a  . 
using  {5.1),  (i4-.21)  and  the  results  of  Appendix  I.   The  elements 
S .  .  so  obtained  are  written  out  e xplicitly  in  Appendix  II.   It 
is  seen  that  each  element  3.  .  consists  of  a  complex  number,  the 
real  and  imaginary  parts  of  which  are  each  2-rowed  minors  of  the 
matrix  T  =  (a  .)  . 

If  one   used  another  equation  of  {l\..20) ,    say  i  =  1  instead 
of  i  =  0,  to  find  S,  some  of  the  matrix  elements  of  S  would  be 
expressed  in  terms  of  different  minors  than  before.   For  example, 
if  one  uses  i  =  0  in  {l\..20) ,    one  has 

„   _   ^2        0  2        0  _^  .  ,  2   0     2   0  ^ 

while  on  using  i  =  1,  the  same  matrix  element  has  the  form 

^pp   ~^T  a^-aTa-,  +  iva  p  a  ^  —  a  /->  a  p)      . 
At  first  sight  it  might  seem  that  we  have  a  contradiction  and 


-H  r 
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that  the  equations  (i4..20)  for  S  are  inconsistent.   However,  the 
two  expressions  are  in  fact  equal.   The  equality  arises  from  the 
fact  that  the  Lorentz  transformations  can  be  written  as  products 
of  the  transformation  in  planes.   As  a  consequence,  many  of  the 
various  minors  of  T  can  be  shown  to  be  equal.   This  point  will 
be  discussed  more  fully  in  Section  7  where  it  will  be  shown  that 
the  equations  {1^.20)    have  unique  solutions  for  T  and  3,  that  for 
T  being  given  by  {l]..21) . 

6 .   The  Group  Properties  of  S  and  T . 

We  shall  prove  in  the  next  section,  Section  7,  that  S  and 
T  are  given  by  equations  ([)..20)  and  (L|..21)  which  for  convenience 
we  repeat  below 

(6.1)  S  =  a^^^.  a^"-^  T  a^    ,      (i  =  0,  1,  2,  3) 

J 

(6.2)  T.  .  =  a^. 

ij     J 

In  this  section  we  wish  to  prove  that  if  S  and  T  are  in- 
deed given  as  above,  each  matrix  constitutes  a  representation  of 
the  (proper)  Lorentz  group. 

Toward  this  end  we  must  show  the  following: 

(I)  If  the  Lorentz  transformation  is  the 
identity,  then  S  and  T  are  identity 
operators . 

1     2 

(II)  If  S  and  T  correspond  to  the  Lorentz 

12     2 

transformation  L,  and  S  and  T  correspond 

2 
to  the  Lorentz  transformation  L,  then 


'■'4  i   i  .-'\t 


■   4 

1    J     ,, 


.'   .:-i.'  . 
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the  operators  S  and  T  which  correspond 

2  1 
to  the  Lorentz  transformation  L  =  L  L 

2  1      2  1 
are  given  byS=SS,  T=TT. 

(Ill)  If  S  and  T  correspond  to  L,  S"-*-  and  T"-^ 
must  correspond  to  L~  . 

We  shall  show  first  that  if  T  is  given  by  (6.2),  then  it  satis- 
fies the  three  requirements  above. 

First,  if  L  is  the  identity  transformations,  then 

(6.3)  a^j.  =  d^.   =  T.  . 

or 

(6.3a)  T  =  I 

as  required. 

Secondly,  if 

2  1 

L  =  L  L     , 

then 

i    ^i  ^k 
(6.U)  a  .  =  a  ^  a  .    , 

i   ^i   1- 
where  the  transformation  matrices  a  .,  a  .,  a"""  .  correspond  to 
2   1  J     J     J 

L,  L,  L  respectively.   Hence,  from  (6.2)  we  have 

2   1 

ij    ik  kj 

or 

2  1 
(6.5a)  T  =  T  T 

2   1  2   1 

as  required,  where  T,  T,  T  correspond  to  L,  L,  L. 

The  requirement  III  is  proved  similarly. 


11+ 

We  shall  now  prove  that  requirements  (I-III)  are  satisfied 
by  S  when  S  is  given  by  (o.l)  for  all  i. 

We  note  first  that  the  case  where  the  Lorentz  transforma- 
tion is  space-like  includes  the  case  where  t?ie  Lorentz  transfor- 
mation is  the  identity.   Hence,  on  using  (6.3)  for  a  .,  in  (5.3) 
for  S  we  have  immediately  (6.6)  S  =  I,  when  L  is  the  identity. 

To  show  requirement  II  is  valid,  we  l^Jrite 

S  =  a^^^  a^i)  T  aJ   , 

(6.7)  S  =  a^^^  .  a^"-^  T  o«5   , 

J 

S  =  a^^\-  a^^^  1    a^      ,        (i  =  0,  1,  2,  3) 

On  using  (6.[^)  and  (6.5-1)  in  the  first  of  equations  (6.7), 
we  have 

(6.8)  S  =  a^"-^,  a^.  a^^^  T  T  a^ 

^         J 

=  a(^\  a(i^  T  a^.  T  a^ 
^  J 

=  l^^\   a(i)  ?  a'^  a^  a^  T  a^ 

=  a(i)   a(i)  T    a^  ^  .  a^  T  J 
k  J 

2  1 

=  3  S 

as  required.   In  (6.8)  we  have  used  ( a  )   =1. 

Actually  we  have  proved  something  stronger,  namely  that 

the  same  matrix  S  is  given  by  all  four  of  the  equations 

1     2 
i  =  0,  1,  2,  3  when  S  and  S  as  obtained  from  their  corresponding 

four  equations  are  the  same. 
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The  proof  that  requirement  III  is  satisfied  is  only  a  mi- 
nor variation  of  the  proof  given  above  and  we  therefore  forego 
it. 

7.  Evaluation  of  S  and  T« 

In  this  section  we  shall  prove  the  following:   The 
equations 

(7.1)  S  =  a^^)   a^^)  T  a-^*   ,    (1  =  0,  1,  2,  3) 

have  unique  solutions  for  S  and  T  under  the  conditions 

(a)  Sq^  =   Sq2  =  Sq^  =  0. 

(b)  The  matrices  T  constitute  a  real,  continuous, 
single  valued  representation  of  the  proper 
Lorentz  group. 

(c)  V/hen  the  Lorentz  transformation  is  a  trans- 
formation which  involves  only  the  time  and 
one  space  coordinate  so  that  the  space  axis 
of  the  transformed  coordinates  can  be  consi- 
dered as  moving  parallel  to  the  space  axis 
of  the  oripin  coordinates  with  a  velocity  v 
x-jith  respect  to  the  original  system,  we 
shall  require  that  the  absolute  values  of 
the  components  of  J'  (the  transformed 
sources)  depend  only  on  the  absolute  value 
of  V. 

Further,  we  shall  obtain  the  facts  that 

(7.2)  T.J  =  a\. 


o 


and  that  the  matrix  S  obtained  from  (7.1)  will  be  the  same  what- 
ever equation  is  used  and  will  be  orthogonal. 


■Ji: 
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These  results  together  with  the  results  of  Section  6  will 
prove  that  S  and  T  form  a  repi^esentation  of  the  Lorentz  group. 

Perhaps,  requirement  (c)  above  ought  to  be  discussed  some- 
what. This  requirement  seems  to  be  justified  physically  on  the 
grounds  that  the  sign  of  the  relative  ve].ocity  v  should  not  in- 
fluence the  absolute  magnitude  of  physically  observable  quanti- 
ties, since  this  sign  depends  merely  on  the  choice  of  the  posi- 
tive direction  of  the  space  axis. 

If  we  gave  up  requirements  (b)  and  (c)  we  should  find 
that  S  and  T  are  unique  within  multiplicative  factors  which  form 
a  one-dimensional  representation  of  the  Lorentz  group. 

V/e  shall  now  proceed  to  prove  our  assertions.   As  the  ba- 
sis of  our  proof  we  shall  use  the  fact  that  every  proper  Lorentz 
transformation  can  be  written  as  a  product  of  transformations, 
each  Involving  two  axes  only.   The  number  of  such  transforma- 
tions, called  transformations  in  the  plane,  needed  to  constitute 
an  arbitrary  transformation  is  at  most  six  of  which,  at  most  one 
is  a  transformation  involving  a  space  coordinate  and  the  time 
coordinate    . 

Let  us  first  consider  Lorentz  transformations  consisting 

Of  only  a  single  rotation  in  a  plane  and  of  these  we  shall  con- 

1    2 
sider  space  rotations,  such  as  rotations  involving  the  x  ,  x 

coordinates.   We  then  have 


[3]  H.C.  Lee,  Quarterly  Journal  of  Mathematics,  15,  7,  (19ij.U). 


>  ^.  1      "J 


!  "*   •    ^ 


-<  f       • 


•■  ;  :• 
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(7.3) 


Hence 


/  1'     1  2 

/  X  =  X  cos  0  -  X   sin  0 

!   2'     1  2 

]  X  =  X  sin  0  +  X  cos  Q 

\  0'     0 

]   X  =  X 

I  3'    3 

1  X^  =  X 


/I  n      2  1  ,    ^         2 

,' a  ,  =  cos  Q  =   a.   p  a  p  =    -   sin  @  =  -  a  , 

(7.U)   '!^       a°Q  =1  a^3  =  1 

all  other  a  .  =  0  . 

We  write  the  four  equations  of  (7.1)  as 


(7.5a)  S  =  T   , 

(7.5b)  S  =  a^  T  a^   , 

(7.5c)  S  =  cos  9  a""-  T  a-*-  -  sin  0  a-'-  T  a^ 

(7.5d)  S  =  sin  ©  a^  T  a-"-  +  cos  ©  a^  T  a^ 


Let  us  define  b(©)  by 

(7.6)  SpQ  =  b(Q) 

where  we  indicate  explicitly  the  dependence  of  S„-^  on  ©. 

On  using  condition  (a)  of  paf^e  l5,  (namely  Sq,  =  S^- 
=  Sqt  =  0),  equation  (7.6),  and  (7.5a)  we  see 

(7.7)  Tqo  =  ^(®)    '  ^01  =  ^02  =  ^03  =  0  • 

On  using  (7.5t))  and  Appendix  I  for  the  matrix  elements  of 
a-^   T  a^  we  have 


(7.8)       T^^  =  b(©)     ,     T^Q  =  T^j_  =  ^32"° 


>f  .  'f 


■Jii 
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On  using  (7.5c)  and  Appendix  I  we  obtain 

/b(©)  =  cos  G  T^^  -  sin  ©  T^^ 

]  0  =  cos  ©  T,^  -  i  sin  ©  T-,  ^ 

(7.9)     <  ^^  ^ 

\    0  =  -  i  cos  ©  T^^  -  sin  ©  T-^q 

0  =  i  cos  ©  T^2  '*'   i  s^^  ^  '^11   • 

From  these  equations 

;^  T,^  =  T,,  =  0    ,    T,,  =  b(©)  cos  © 
(7.9a)       ^"    -^^  ^^ 

)    T^2  =  -  b(e)  sin  ©   . 
I, 

On  using  (7-5^)  and  Appendix  I 


/  b(©)  =  sin  ©  T.^^  +  cos  ©  T20 

I 

0  =  sin  ©  Tp^  +  i  cos  ©  Tp^ 

(7.10)    J  ^^  ^-^ 

\  0  =  -  1  sin  ©  T23  +  cos  ©  T2Q 

!     0  =  i  sin  ©  T22  -  i  cos  Q  T^-^      , 

from  which 

;  Tpp  =  b(e)  cos  ©   ,   Tp,  =  b(e)  sin  © 
(7.10a)    <      '^'^  "^^ 

1  Tp^  =  Tp,  =  0   . 


( 


■20  ~  ^23 


On  using  (7.7),  (7-8),  (7.9a),  and  (7.10a)  we  see  that  we 
have 
(7.11)  l\j.  =  b(©)  a^j 

Now  to  find  b(©),  we  shall  use  our  condition  (b)  of 
page  15.   The  condition  of  reality  yields  the  fact  that  b(©)  is 
real.   The  group  property  of  the  Lorentz  transformation  in  the 
plane  leads  to  the  results 
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fb(e  +  (^)  -  b(e)  b((j))  ,   b(o)  =  1 

(7.12)     <  , 

[b(-  Q)  =  b(Q)-^   , 

i.e.,  the  function  b(©)  is  a  one -dimensional  representation  of 
the  plane  rotation.   The  only  real  and  continuous  solution  of 

(7.12)  is 

(7.13)  b(0)  =  t     ,    iC    real   . 

We  note  from  (7.13)  and  (7.11)  that  T  will  not  be  a  sin- 
gle valued  representation  unless  C  =  0  and  b(0)  =  1.   On  accept- 
ing this  requirement,  we  have 

(7.1U)  T.j.  =  a^j 

1   2 
for  any  plane  rotation  of  the  x  ,  x   axis  coordinates. 

Having  established  (7.11+)  for  such  a  rotation  of  the  x  , 

2 

X  axis,  we  can  now  find  the  corresponding  transformation  S 

from  ( 7 . ?a ) .   We  have 


(7.15)        S  =  T  = 


/  10        0     0^' 
i  0   cos  e   -sin  ©   0 


0   sin  ©    cos  ©   0 
\  0     0        0     1  / 


..y 


If  we  now  use  Appendix  I,  (7.1^),  and  (7.1|),  we  can  show 
that  equations  (7.5b),  (7.5c)  and  (7.5d)  also  give  the  same  re- 
sult for  S. 

We  further  note  that  S  as  given  by  (7.15)  is  orthogonal. 

1   2 
Hence  we  have  proved  that  plane  rotations  at  the  x  ,  x 

axis  generate  unique  transformations  S  and  T,  such  that  S  is 

orthogonal  and  T  is  real  and  is  given  by  (7.1^). 


i  ..  =••'        I 
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The  procedure  above  can  be  used  to  prove  that  all  plane 
rotations  of  two  space  axes  generate  an  orthogonal  transforma- 
tion S  and  a  real  transformation  T  given  by  (7.  111-). 

Let  us  now  consider  a  plane  rotation  involving  the  time 

0    ,  ,        1 

axis  X  and  a  space  axis,  say  x  , 

/  0 '     0  1 

1  X   =  X   cosh  ©  >  X  sinh  Q 

(7.16)       <  1.    0  1 

I  X   =  X   sinh  e  +  X   cosh  9      , 

In  this  case  we  have 

/  a  ^  =  cosh  9  =  a  , 


(7.17) 


1  a  ,  =  smh  ©  =  a  Q 

I  3.     ^     ^^     ci     -^     —   X 

\   all  other  a^  .  =  0   . 
\  J 

As  usual,  the  primed  system  of  coordinates  may  be  thought 
to  be  moving  with  a  velocity  v  with  respect  to  the  unprimed 
system  where 

(7.18)  sinh  Q  =  — ^^r  >  (velocity  of  light  =  1)  . 

yi-v2 

An  axialysis   similar   to   that   used   in  deriving   (7.11)    and 
(7.13)    leads    to 

(7.19)  T.  .  =   e^^   a^.      , 

where  X  is  real.   If  ^^Je  use  requirement  (c)  of  page  15,  we  see 
that  A  must  be  zero,  for  if  A  /  0,  then  a  change  in  the  sign  of 
V  changes  the  sign  of  Q  (equation  (7.l8))  and  consequently  the 
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absolute  values  of  the  components  of  J'  =  T  J.   Hence  Cj-lk) 
holds  also  for  rotations  in  the  x  ,  x  plane.   Each  of  the  equa- 
tions (7.1)  yields  the  same  result  for  S,  namely, 


/'  1 

0 

0 

°     \ 

0 

1 

0 

0     \ 

0 

0 

cosh  9 

-i  sinh  Q   , 

\o 

0 

i  sinh  e 

cosh  Q  / 

0 


(7.20)         S  =   I 

\ 


Again  we  see  that  S  is  orthogonal. 

In  a  similar  way  all  plane  rotations  involving  the  x' 
axis  and  a  space  axis  yield  a  transformation  (7.11+)  for  T  and 
an  orthogonal  matrix  for  S. 

To  summarize:   Under  the  conditions  imposed  on  T  described 

above,  every  rotation  in  a  plane  yields  the  result  (7.2)  for  T. 

Furthermore,  S  a^  calculated  by  any  of  the  equations  (7.1) 

pives  the  same  result ,  namely  ai.^  orthogonal  matrix  associated 

with  the  rotation. 

Let  us  now  consider  Lorentz  transformations  vjhich  can  be 

2  1 
represented  as  a  product  of  two  plane  rotations  L  =  L  L.   The 

relation  between  the  corresponding  transformation  matrices  is 

.     2.1, 

(7.21)  a^  .  =  a^,  a^.   . 

On  writing 

^-1  ^     ^ 

(7.22)  T  =  TT-^T=RT   , 

(7.22a)  R  =  T  T  -^   , 

1     ^i 
where  T.  .  =  a  ^  in  accordance  with  our  proof  for  rotations  in  a 

plane,  equations  (7.1)  become 


.  \ 


; 
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(7.23)  S  =  a^^\  a^.  a^^^  R  T  aJ 

Let  now, 

(7.21+)  S  S  -^  =  W   . 

then 

2 

(7.25)  W  =  &^^^^   a^^^    R  a^   , 

1 
where  from  the  conditions  on  S  v-and  S,  we  have 

(7.26)  Wq^  =  Wq2  =  Wq^  =  0   . 

By  the  very  same  reasoning  which  enabled  us  to  evaluate  T 
for  a  plane  rotation,  we  see  that  equation  (7.2^^)  with  condi- 
tions  (7.26)  on  W  leads  to  the  following  result  for  R: 

R  =  e'^''^  T   , 

(7.27)  ^g 

2  ^ 

where  T  is  the  operator  T  associated  with  the  plane  rotation 

2. 
whose  transformation  matrix  is  a  .  and  G  is  the  anple  of  rota- 

tion.   But  from  (7.22a) 

1    ,^Q  2  Ip 

(7.28)  T  =  R  T  =  e"*-^  T  T'^ 

Prom  conditions  (b)  or  (c)  of  page  IS ,   we  see  that  k.  =  0  and  we 

have 

2  1 

(7.29)  T  =  T  T    . 


)..    N^. 
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Since 

2     2         1     H 

(7.30)  Tjj  =  a  .    ,    Tjj  =  a  J    , 

it  is  clear  frora  (7.21)  that 

(7.31)  Tjj=?,^T^j=  a^j   . 

Hence  we  have  proved  (7.2)  for  Lorentz  transformations 
which  are  products  of  two  plane  transformations. 

On  using  (7.27)  with  Q  =  0  in  (7.25)  it  is  seen  that 

2 

(7.32)  W  =  S 

2 
where  S  is  the  matrix  S  associated  with  the  plans  relation  gi- 

2. 
ven  by  a"^..   Finally,  equation  (7.21+)  yields  the  result 

J 

2  1 

(7.33)  3  =  S  S 

2   1 
and  is  given  by  all  four  equations  (7.1).   Since  S,  S  are  ortho- 
gonal, so  is  S, 

This  mode  of  reasoning  can  be  extended  to  Lorentz  trans- 
formations which  are  a  product  of  n  plane  rotations.   In  this 
general  case  we  obtain 

(7.31+) 

(7.35) 

(7.36) 

i     i 
where  T  and  S  are  the  matrices  associated  with  the  i-th  plane 

rotation.   Further,  in  the  process  of  proving  (7.36),  one  shows 


^i3 

=    a^ 

J      ' 

n 

n-1 

2 

1 

T   =   T 

T 

•   •   ■ 

T 

T 

n 

n-1 

2 

1 

S   =   S 

S 

•    •    • 

S 

S 

••Iv 
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that  all  four  equations  of  (7.1)  pive  the  same  S,  which,  in  ad- 
dition, is  an  orthogonal  matrix. 

Inasmuch  as  all  proper  Lorentz  transformations  can  be 
written  as  a  product  of  n  plane  transformations  (n  <  6),  we 
have  accomplished  our  purpose  of  showing  all  the  equations  (7.1) 
yield  a  single  solution  for  an  orthogonal  matrix  S  and  a  real 
matrix  T  where  T,  .  =  a  .. 

8 .   Spin  of  the  Electromagnetic  Field . 

It  has  been  shown  that  when  there  are  no  external  sources, 
Maxwell's  equations  in  spinor  form  are  a  special  case  of  Dirac's 
equations  for  mass  zero.   The  transform.ation  properties  of  Max- 
well's and  Dirac's  equations  differ,  however.   Whereas  the 
transformation  properties  of  Dirac's  equations  lead  to  the  re- 
sult that  the  Dirac  field  has  a  spin  ^,  the  transformation  pro- 
perties of  the  Maxwell  field  will  be  shown  to  yield  a  spin  1. 

As  usual   "^  ,  the  operator  associated  with  component  of 
angular  momentuiTi  around  any  axis  x  is  defined  in  terms  of  infi- 
nitesimal rotations     in  the  plane  perpendicular  to  x  about 


At 


X.   Let  6\j/  be  the  change  in  ij;  due  to  an  infinitesimal  rotation 
5Q  about  the  axis  x.   Then  the  angular  momentum  operator  compo- 


nent about  X,  denoted  by  M  ,  is  defined  by 
(8.1)  i  5\1;  =  M   \|/5Q   . 

In  general  one  can  write 


(8.2)  M  =  c-  + 


X      X 


1  c> 

I  3d 


[[j.]  F.A.M.  Dirac,  The  Principles  of  Quantum  Mechanics,  Oxford, 
Third  Edition  (1914-7)  ,  4t^  35- 

[5]  In  the  definition  of  angular  m.omentum  only  space-like  rota- 
tions are  considered. 
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where  cr"  is  a  matrix  acting  on  the  components  of  \|;  and  the  dif- 

ferential  operator  r^  acts  on  the  arguments  of  each  of  the  corn- 
er w 

ponents  of  ij/,  i.e. 


(8.3) 


^0 


o" 


>*i    \ 


1  55  ♦  "  1  !  2*2 


The  operator  c^    is  called  the  "spin  operator  component"  about 
the  axis  x. 

In  our  particular  case  vie  know  that  for  any  space-like 
rotation  we  have 


(8,14.) 


S  =  T 


To  find  ^^-,  ,    ^p,   '-''o  which  are  the  spin  operator  components 

12    3 
about  the  x  ,  x  ,  x  axes,  we  consider  small  rotations  about 

these  axes  and  calculate  6\1/  =  (S  -  1)^   to  first  order  in  the 

rotation.   Cn  using  (8.1)  and  (8.2)  we  can  obtain  our  results, 

which  are 


(8.5a) 


V 


A) 
0 
0 


0 


0 
0 
0 
0 


0 
0 
0 
i 


(8.5b) 


^2 


0 
0 
0 
0   -i 


0 

0 

0 
0 


0 

i 

0 
/ 

0  / 


■  ; 
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A 

0 

0 

oA 

0 

0 

-i 

0 

0 

i 

0 

0 

v° 

0 

0 

V 

{8.5c)         0-3 


It  Is  easily  seen  that  ^^-,  ,  <'-'^,  '''^  are  all  Hermitian  operators 
whose  eigenvalues  are  +1,  -1,  0,  0.   If  one  restricts  oneself 
to  working  upon  column  vectors  such  that  vjIq  =  0,  as  we  always 
do,  then  only  one  zero  appears  as  an  eigenvalue  of  o"., 
(1  =  1,  2,  3). 

We  also  note 

(8.6)  {c^)^   +  (^2)^  +  (•'3)^  =  2  =  /(  t?  +  1)  ,   (/  =  1)  , 

Equation  (8,6)  together  with  the  eigenvalues  of  C"  indicate 
that  the  electromagnetic  field  is  indeed  a  field  of  spin  1. 
It  can  also  be  shown  that 

f  ^2  ^  -  ^1  ^"2  =  i'l 

(8.7)  \  <r^  ^\  -  ^]_  <'^  =  i-2 

12  2     1^3 

Equations    (8.7)    are   sometir.es   written 

(8.8)  cT    X    cr=    Ir--      , 


rj 


because  the  left  hand  sides  of  (8.7)  resemble  the  components  of 
a  cross  product  in  form.   Equations  (8.7)  and  (3.8)  are  familiar 
ones  in  the  theory  of  spin. 

One  can  also  show  that  any  component  of  the  total  angular 
momentiom.  commutes  with  the  Hamiltonian 


t'.i'i  ; 
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(8.9) 


H  =  i 

1 


a 


1   c) 

3? 


+  a 


2   ^ 


5x2 


+  a- 


cy:- 


and  that  the  55quare  of  the  angular  momentiom  also  comtnutes  with 
this  quantity.^  We  refrain  from  going  into  de.tails. 

On  comparing  expressions  (8.5)  for  (T,    with  O-J+J  for  a 
we  see  that 
(8.10) 


cr-.  =  /^aV 


(i  =  1,  2,  3) 


where  f   is  the  matrix 


(8.11) 


/ 


0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

It  is  clear  that  r  is  a  projection  operator,  which  when  acting 
on  a  four  component  column  vector  replaces  the  top  component  by 
zero.   The  vectors  \|/  which  vje  use  in  the  description  of  the  Max- 
well field  are  eigenstates  of 


(8.12) 


P^  =   '^ 


because  rj/^  =  C.   Therefore,  if  we  restrict  ourselves  to  ij;  vec- 
tors of  the  Maxwell  field,  we  have  on  using  (8.12) 


(8.13) 
or 
(8. Ill) 


^.^  =  ^aV^  =  fa"" 


^ 


r.  =  fc^- 


when  acting  on  a  Maxwell  field. 

It  should  also  be  noted  that  our '^ .  are  essentially  the 


same  as  ^  of  Moliere  (Section  2). 
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On  using  (8.10)  and  (8.1[|)  one  can  show  that  the  operator 
5«P,  defined  by 


(8.15)        ^*-P   =  T 


'^t^'^^J^'^^^i 


commutes  with  H.   This  result  is  analogous  to  a  situation  which 
occurs  with  Dirac's  equations  for  the  electron. 

9 .   Improper  Lorentz  Transformations . 

Thus  far  we  have  restricted  our  discussion  to  proper  Lo- 
rentz transformations  which  are  defined  to  be  transformations 
whose  transformations  matrices  satisfy 

'det  (a^  .)  =  1 

(9-1^  I  0    , 

a  0  >  0   . 

Such  transformations  have  the  property  that  they  can  be 
obtained  by  a  continuous  process  from  the  identity. 

Improper  Lorentz  transformations  may  be  regarded  as  pro- 
ducts of  proper  Lorentz  transformations  and  certain  simple  im- 
proper transformations.   We  shall  discuss  how  ^   and  ^  transform 
under  these  simple  improper  transformations. 

I .   Space  and  Time  Reversal . 

Maxwell's  equations  in  spinor  notation  are 

(9.1)  -  1  aJ  ~  4/  -  -i|Tif  . 

V/hen  the  space  and  time  coordinates  are  all  reversed,  we 
have 


t  i    O  '     ) 


f'.--  •- 
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(9.2)  x^'  =  -  x^   ,      (i  =  0,  1,  2,  3)   . 


Equation  (9.1)  becomes 


(9.3)  i  aJ  -^  ^^  =   -l^Ttf 


5xJ 

We  wish  to  introduce  vectors  v!; '  and  ^'  such  that  under  a 
transformation  (9.2)  we  have  Instead  of  (9.3) 

(9.U)  -  J   aJ  -^  \!r'  =  -i|7if' 

We   see   that    (9.3)    becomes    (9.J4.)    iinder   t?ie   transformation 

(9.5)  M/'    =   b\l(        ,        f  •    =    -bf 

where  b  is  any  real  constant.   Since  we  want  two  reversals  to 

2 
be  the  identity  transformation,  we  have  b  =  1  or 

(9.5a)  b  =  +  1    . 

In  particular,  if  we  have  any  a  priori  reason  to  require  the 
components  of  ^  to  transform  like  the  Ii.-vector  x  we  should 
take  b  =  1. 

It  is  to  be  noted  that  ^  and  \];  still  transform  linearly. 
We  could  have  written 

fvl;'  =  Si|/ 

(9.6)  ^    |,  ^  .p| 

and  required  S  and  T  to  satisfy 

S  =  -a^^)  T  a^^^       ,   (i  =  0,  1,  2,  3) 

(9.7)  I      Sq^  =  3^2  =  Sq3  =  0 

T  a  real  matrix 
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On  solving  for  S  and  T,  as  for  proper  transformations,  we 
would  find 

T  =  bl 


(9.8)  < 

I  S  =  -bl 


as  before.  Hence,  the  case  of  time  ans  space  reversal  can  be 
handled  in  essentially  the  same  waj^  as  for  proper  transforma- 
tions . 

II.   Time  Reversal. 


Let 
(9.9)  {     ,, 


0'      0 
X    =  -X 


I  X   =  x-"    ,    (i  =  1,  2,  3) 
Under  the  transformation  (9.9),  equation  (9.1)  becomes 


(9.10) 


V|f  =  -li-TtJ 


If  we  try  to  obtain  (9.I4-)  from  (9.1C)  using  linear  transforma- 
tions of  the  form  (9.6),  we  find  that  the  four  equations  for  S 
and  T  analogous  to  (9.7)  are  inconsistent.   Hence  this  procedure 
cannot  be  used. 

We  must  therefore  think  in  terms  of  more  general  transfor- 
mations . 

w"e  require  of  this  more  general  transformations  not  only 
that  (9.1+)  ,  but  also  the  complex  conjugate  of  (9.I4.),  namely 

(9.t^a)  i  qJ"'  — ~  ^'-"-  =  -^^I    » 

be  obtained  from  (9.10)  and  its  complex  conjugate 
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(9.10a) 


1  --^  -  +  ^0.^-  _4.  .  la^''-'  _4^  .  1^3^^  -^ 


i  %  0» 

ox 


--  1 


^X 


-,  2'    1 

o'X 


^  3' 

ex 


.I-"- 


i 


where  a   is  the  matrix  which  is  the  complex  conjugate  of  a 
Vie,    of  course,  also  require  ^'  have  only  real  components,  and 

A  transformation  that  may  conceivably  turn  (9.10)  and 
(9.10a)  into  (9.I4.)  and  (9.i+a)  is 


(9.11) 


1»  =  T? 


subject  to  the  conditions 

r 


(9.11a) 


\   "^01  "  ^02  ~  ^03  ~  ° 

< 

/  T  a  real  transformation 

V 


Transformations  for  \|;  of  the  type  (9.11)  are  called  anti- 
linear.   The  equations  for  S  and  T  become,  after  substituting 

(9.11)  into  (9.10a) 

/ 


(9.12) 


I 


S  =  T 


(1  =  1,  2,  3) 


These  equations  can  indeed  be  solved  under  conditions  (9.11a) 
and  one  obtains,  on  using  the  condition  that  two  time  reversals 
should  be  the  identity  transformation 


/-I 


(9.13) 


S  =  T  =  b 


1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

1 

oA 


I :      r- 


rj 


,»,_■ 


32 


(9.13a) 


b  =  +1  or 


If  we  take  b  =  1,  so  that  ^  transforms  like  a  true  L|.-vector,  we 
have 


t 


ij;   =  \|;. 


(9.11;) 


'1 
t 

I 


\jf,  = 


*2 


or  taking  real  and  imaginary  parts 


(9.1[;a) 


E  =  -  E 

X        X 


E  =  -  E 

y    y 


E  =  -  E 
z      z 


H  =  H 

X      X 


H  =  H 

y   y 


z    z 


i.e.  the  electric  field  reverses  sign  under  a  time  reversal 
transformation  but  the  magnetic  field  is  unchanged. 


III.   Space  Inversion . 
In  this  case 

X 
X 


0' 


(9.15) 


=  X 


0 


-  X 


(i  =  1,  2,  3) 


Under  this  transformations  of  coordinates.  Maxwell's  equations 

become 

r-\      ,,N      ,^.      ,^^~] 


(9.16) 


1   c^   ^  11   .) 
+  —a 


i  :j  0'    1 


.-^x 


1'    i 


c'X 


~>     1  3 
2'    i^ 


^ 


'^X 


3' 


1 


i  >  0'  ~  i^  ",  1'    1 
„  9  X         <^x 


c^^X 


3' 


l|l'"-  =  -l^Tlf  . 


In  order  to  get  (9.16)  into  the  form  (9.1|-)  and  (9.1|a),  we  again 
assume  an  antilinear  transformation  of  the  form  (9.11)  under 


-i       .  .     I   i. 


^       -  - 


'J 
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conditions  (9.11a).   The  equations  for  S  and  T  are 

f  S  =  -T 

(9.17)         i  (n    (.n-;:- 

S  =  -a^^^  S  a^'^"   ,    (1=1,  2,  3) 


The  solution  of  (9.17)  is 

/-I       0   0   o"\ 
(9.18)        s  =  -T  =  b 


'   0    1    0    0   1 


\ 

1 

(9.l8a)  b  =  +1  or   -1 


0   0   10  1 
'\^0   0   0   1  / 


If  we  pick  b  =  1,  which  corresponds,  as  in  the  case  of 
time  reversal,  to  ^  transforming  like  a  four  vector  we  see  that 
\1(  transforms  as  in  (9.11i),  or  E  and  H  as  in  (9.1)|a).   Under  a 
space  inversion  E  behaves  like  a  vector  and  H  like  a  pseudo- 
vector. 

IV .   Snace  Reflections . 

In  this  case  we  invert  a  single  space  axis,  the  x  -axis 

for  example.   We  have 

/•  0'     0 
•  X    =  X 

21     2 

X     —  X 

(9.19)  /   .,     3 

]  yi       ~   yr 

[xl'  =  -  xl 

On  assuming  a  transformation  of  the  form  (9.11)  with  conditions 
(9.11a)  we  have  as  the  equations  for  S  and  T 


{■ 


3k 


/  S  =  -  T 

2    2  -;i- 
S  =  a^  3  a"^ 

(9.20)  /      -.  .„. 

)  S  =  a^  3  a^" 

3  =  -  a-*-  3  a"'-' 


The  solutions  of  3  and  T  are 


^-1 

0 

0 

0 

0 

1 

0 

0 

0 

0 

-1 

0 

v° 

0 

0 

-1 

(9.21)  S  =  -T  =  b  < 

(9.21a)  b  =  +1   or   -1   . 

If  b  =   +1,    and  ^  therefore    transforms   as    a  i|-vector,   we   have 

/     «  ■> 

(    h  =    ^'1 

(9.22)  /    il/p  =    -   ^t 

] 

^  ^3  =   -  *3 


1 

= 

Hx 

t 

= 

-^ 

1 

«z 

= 

-\ 

or 

/e'    =    -   E 
/      X  X 

(9.22a)  <  e'    =   E 

1    y       y 

I  e'    =   E 
I     z  z 

Thus  E  transforms  like  a  vector  and  H  like  a  pseudo-vector. 

1 0 .   The  Equation  of  Continuity,  the  Vector  Potential, and  the 

Lorentz  Condition . 

We  can  use  the  fact  that  the  operator  -  — a*^  — ^  is  a 
square  root  of  the  wave  operator  and  that  i|;„  =  0  to  obtain  seve- 
ral well-known  results  in  a  simple  l^;ay.   From  the  commutation 
relations  (3.5a)  for  the  a  operators,  which  we  repeat  below, 


•  if 


•I.    •■•{,.•. 
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(10.1) 


a^  a-^"  +  a-^'  a^  =  25^  .  I   ,     (i  =  1,  2,  3) 
aO=  I   . 


we  have  the  following  identity  which  is  a  familiar  one  in  the 
Dirac  theory  of  the  electron: 


(10.2) 


-  -ra  •  r 


i^   3x 


l^k  d 


C7^X, 


kj  L 


X"J 


_2 L. 


=  V^ 


^t' 


Hence,  on  applying  the  operator  -  —a  ■^—   to  the  left  in 
Maxwell's  equations 


(10,3) 
we   obtain 
(10. 1;) 


-w 


c^X^ 


Vl/    =     -l^Tlf        , 


axJ  "-j  -^      '-"^j 

If  ^  =  0,  i.e.  there  are  no  external  sources,  then  it  is 
clear  from  (10.2)  each  component  of  \\i  obeys  the  wave  equation. 
Hence  each  component  of  the  electric  and  magnetic  fields  obeys 
the  wave  equation. 

If  ^  is  not  zero,  we  use  the  fact  that  vj/j-,  =  0  to  set  the 
top  component  of  the  right  hand  side  of  (10.[|.)  equal  to  zero. 
On  using  the  representation  (3«l4-)  for  the  a's  we  immediately 
obtain  the  equation  of  continuity 


n!    -x 


■  .*- 


/    , 
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(10.5) 


^lo       ^Ii       ^fz       '^^3 

o>x  c)x  c9x  o>X 


^       ^i        ^j        <^j 


The   vector  potential   A,   which  we    take   to  be   a   column 


vector 


(10.6) 


A   = 


is  defined  in  the  spinor  notation  by 


(10.7) 


^  =  -  1°'  ^  ^ 


On  substituting  (10,7)  into  Maxwell's  equations  (10.3)  and  on 
using  (10.2),  we  have 


(10.8) 

or  in  terms  of  components 

(10.8a) 


axJ  ^^j  - 


5t 


which  are  the  usual  equations  for  the  vector  potential.   In 
(10.7)  the  requirement  that  \};„  =  0  leads  to  the  Lorentz  condi- 
tion, for  on  setting  the  topmost  component  on  the  right  with 
(10.7)  equal  to  zero  we  have 


(10.9) 


^.-   A^  +  -^  A.  +  -i.  A^  +  -2L-  A,  =  -^  A.  =  0 


X  0   0    >  1   1 

cjlX  dX 


»X 


2  "2 


^^    ^     ;^x^  ^ 


1.-:^ 
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(I-l) 


a^TaO  =   T  = 


01 


11 


T 


21 


02 


12 


■31        ^2>2 


T 


03 


13 


■22        ^22, 


"33 


/^ 


-T 


01 


-T 


00 


IT 


03 


-IT 


02 


(1-2) 


a^Ta-*-  =   Ta-^  = 


-T 


11 


-T 


21 


-T 


31 


-T 


10 


-T 


20 


-T 


30 


IT 


13 


IT 


22> 


IT 


33 


•IT 


12 


-IT 


22 


■IT 


32    / 


(1-3) 


0      2  2 


-T 


-T 


02 


12 


\      -^22 
"■32 


\    -T- 


-IT 


03 


•IT 


13 


-iT 


23 


-IT 


Z2> 


-T 


-T 


00 


10 


-T 


20 


■T 


30 


(I-I+) 


a*^Ta^  =   Ta^  = 


-T 


03 


13 


-T 


23 


-T 


33 


IT 


iT 


02 


12 


IT 


22 


iT 


32 


-iT 


01 


-iT 


11 


-iT 


21 


-iT 


31 
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(1-5) 


a-'-Ta^  =  a-'-T 


00 


-iT 


30 


iT 


20 


-T 


11 


-T 


01 


■iT 


31 


iT 


21 


-T 


12 


-T 


02 


-iT 


32 


iT 


22 


-T 


-T 


13 


03 


-iT 


33 


iT 


2?> 


11 


T 


10 


■iT 


13 


iT 


12 


(1-6)      a^Ta^ 


T 


iT 


01 


31 


00 


iT 


30 


-iT 


03 


33 


iT 


02 


32 


.-iT 


21 


-iT 


20 


-T 


23 


■22  / 


(1-7)      a^Ta^ 


iT 


iT 


13 


03 


-T 


33 


•23 


10 


00 


iT 


30 


-iT 


20 


(1-8) 


a-^Ta^  = 


/  T 


13 


03 


iT 


\-iT 


33 


23 


-iT 


12 


-iT 


02 


32 


iT 


iT 


-T 


11 


01 


31 


-T 


22 


T 


21 


ko 


?     0         ? 
(1-9)     af^'Ya     =  a'^T 


/  -T 

/ 

/   iT 


20 


-T 


•IT 


30 


00 


10 


-T 


21 


iT 


31 


-T 


•iT 


01 


11 


-T 


22 


iT 


32 


-T 


02 


-iT 


12 


-iT 


(I-IO)     a^Ta^ 


/  T 


21 


•  iT 


31 


01 


T 


20 


-IT 


30 


00 


•iT 


23 


-T 


33 


-iT 


03 


iT 


22 


32 


iT 


02 


iT 


11 


iT 


10 


13 


-T 


12 


(I -11)     a^Ta^ 


iT 


23 


■33 


iT 


-T 


03 


13 


iT 


20 


•iT 


30 


00 


iT 


10 


(1-12)     a^Ta^  = 


T 

/ 

/  -iT 


23 


33 


T 


..  iT 


03 


13 


•iT 


22 


■32 


-iT 


02 


12 


iT 


21 


T 


31 


iT 


01 


-T 


11 


-iT 


crTI 


i\" 


.■I 


>v- 


ri 


f. 


1+1 


/ 


-T 


30 


-T 


31 


-T 


32 


-T 


33 


(1-13)  a^Ta^  =    a^T 


-iT 


20 


IT 


10 


•iT 


21 


iT 


11 


-IT 


22 


IT 


12 


-iT 


23 


iT 


13 


-T 


00 


-T 


01 


02 


03 


(1-11+)  a^Ta-'- 


1    -iT 


\ 


11 


X^^oi 


•30 


iT 


20 


•  iT 


10 


00 


•iT 


33 


23 


-T 


13 


•iT 


03 


/     ^32 


iT 


33 


■30 


■iT 


31 


(1-15)  a^Ta^     = 


iT 


22 


■  iT 


12 


-T 


23 


T 


13 


iT 


20 


-iT 


10 


21 


-T 


11 


02 


iT 


03 


00 


•iT 


01 


/      rn 

/     ^33 


-IT 


32 


iT 


31 


•30 


(1-16)  a^Ta^ 


/      iT 


-iT 


23 


13 


■22 


-T 


12 


-T 


21 


11 


iT 


-iT 


20 


10 


iT 


02 


iT 


01 


00     / 


(  i 


l|2 


Appendix   II 


Elements   of  Matrix  S   for  a   Proper  Lorentz  Transf onnation. 


(II-l)  Sqq    =    1 


*01  "   ^02   ~   ^03   "   ^10  "   ^20  -   ^30  ~    ° 


(II-2) 

(II-3) 

(II-I4.) 

(II-5) 

(II-6) 

(II-7) 

(II-8) 

(II-9) 

(11-10) 


'11 


'12 


'13 


^21 


'22 


'23 


'31 


>^2 


^33 


(a   ^  a  Q   -   a   Q  a   ^ 


10  .1      _0 

2^0 


{B.^^r^-^0^2 


(a  3   a   Q   -   a   Q  a  3 


2        0  2      _0 

1^0 


(an    a^-a^a^ 


/    2        0  „2      ^0 

/    2        0  2      „0 

(a  3   a   Q   -  a   Q  a  3 

/    3        0  30 

(a^^   a   Q   -  a   Q   a   -L 

/    3        0  30 

(a^2   a   0   -  ^   0  ^  2 

/    3        0  30 

(a^3   a  Q  -  a^Q  a  3 


+    i(a  2  a    ^ 

.,1  0 

+    i(a   3  a   ^ 

+    i(a   3^  a  2 

,  ,    2  0 

+    i(a  2  a   T 

.  ,    2  0 

+    i(a   ->  a   , 

.  ,    2  0 

+    i( a   1  a   2 


. ,    3        0 
+    i(a-^2   a   -1 

.  /    3        0 
+   i(a^3   a   ^ 

.  /    3        0 
+   i(a-^,    a   2 


1        0 
a  3   a   2 


1        0 
a   ^   a   3 


1        0 
a   2   a   ^ 


2      oO 
a   3   a   2 


2        0 
a   ^   a  3 


2        0 
a   2   a    -L 


3     „o 
a-^o   a  2 


3       0 
a   -j_   a   3 


3        0 
-   a  2   a   ^ 
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